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GENERALIZED POWER CENTRAL GROUP IDENTITIES IN
ALMOST SUBNORMAL SUBGROUPS OF GLn(D)
BUI XUAN HAI, HUYNH VIET KHANH, AND MAI HOANG BIEN
Abstract. In this paper, we study almost subnormal subgroups of the general
linear group GLn(D) of degree n ≥ 1 over a division ring D that satisfy a
generalized power central group identity.
1. Introduction and preliminaries
For a ring R with identity, denote by R∗ the unit group of R. Let X =
{x1, x2, . . . , xm} be a set of m non-commuting indeterminates. The notation X
−1
is understood to be the set {x−11 , x
−1
2 , . . . , x
−1
m }, where xi 7→ x
−1
i defines a bijection
between the sets X and X−1. For a field F , let F [X,X−1] be the group F -algebra
of the free group generated by X , that is, F [X,X−1] is the ring of all elements hav-
ing the form of finite sums of axn1i1 x
n2
i2
· · ·xntit , where ni ∈ N, a ∈ F, xij ∈ X ∪X
−1.
Some authors call F [X,X−1] the Laurent polynomial ring on X over F . Let A be
a ring whose center is F . Denote by F 〈X〉 and A〈X〉 = A ∗F F 〈X〉 respectively
the free F -algebra on X and the free product of A and F 〈X〉 over F . If A = D is
a division ring, then D〈X〉 is an fir (free ideal ring), so D〈X〉 has the (universal)
division ring of fractions denoted by D(X) (see [7, Chapter 7]). The free product
A ∗F F [X,X
−1] of A and F [X,X−1] over F is called the generalized Laurent poly-
nomial ring of A on X over F and is denoted by AF [X,X
−1]. Let f ∈ AF [X,X
−1],
that is, f(x1, x2, . . . , xm) =
ℓ∑
λ=1
fλ with
fλ(x1, x2, . . . , xm) = aλ,1x
nλ,1
iλ,1
aλ,2x
nλ,2
iλ,2
aλ,3 · · · aλ,tλx
nλ,t
iλ,t
aλ,tλ+1,
where ai,j ∈ A, ni,j ∈ Z. If all ni,j are non-negative, then f is called a generalized
polynomial of A over F . Assume that w is an element in AF [X,X
−1]\A of the form
w(x1, x2, . . . , xm) = a1x
n1
i1
a2x
n2
i2
· · · atx
nt
it
at+1,
where ai ∈ A, ni ∈ Z and xij ∈ X . If ai ∈ A
∗ for all i, then we call w a generalized
group monomial over A∗.
From now on in this paper, we consider only the particular case when A =
Mn(D), so A
∗ = GLn(D). In this case, we remark that the following lemma
shows that our definition satisfies the requirements in the definition of generalized
group monomials given in [13] and [26] in most cases. In particular, it is the case
for division rings with infinite centers we consider in this paper. So, we would
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emphasize that in the proofs of our results, it is correct to use the results from
[13] and [26]. Recall that for a group G, a subgroup H of G is said to be almost
subnormal in G if there is a family of subgroups
H = Hr ≤ Hr−1 ≤ · · · ≤ H1 = G
of G such that for each 1 < i ≤ r, Hi is normal in Hi−1 or Hi has finite index in
Hi−1. We call such a series of subgroups an almost normal series in G.
Lemma 1.1. Let D be a infinite division ring with center F and H a non-central
almost subnormal subgroup of GLn(D).
(i) If n ≥ 2, then Z(H) ⊆ F .
(ii) If n = 1, then Z(H) ⊆ F provided F is infinite.
Proof. (i) By [21, Theorem 3.3], SLn(D) ⊆ H . Consequently, the subring F [H ]
is normalized by GLn(D). In view of the Cartan-Brauer-Hua theorem for matrix
rings, it follows that F [H ] = Mn(D), and hence Z(H) ⊆ F .
(ii) Let us consider the division subring F (H) of D generated by H over F . Since
F (H) is H-invariant, that is, xF (H)x−1 = F (H) for every element x ∈ H , by [9,
Theorem 3.10], either F (H) = D or F (H) ⊆ F . Because H is non-central, we have
F (H) = D, hence it follows that Z(H) ⊆ F . 
Assume that H is a subgroup of GLn(D) and w is a generalized group mono-
mial over GLn(D). We say that w = 1 is a generalized group identity (briefly,
GGI) of H if w(c1, c2, . . . , cm) = 1 for any (c1, c2, . . . , cm) ∈ H
m. If for every
(c1, c2, . . . , cm) ∈ H
m, there is a positive integer p depending on (c1, c2, . . . , cm)
such that w(c1, c2, . . . , cm)
p ∈ F , then w is called a generalized power central group
identity (briefly, GPCGI) of H (see [5]). In this case, we also say that H satis-
fies the GPCGI w. A GPCGI u of H is non-trivial if it satisfies the condition
up ∈Mn(D)F [X,X
−1]\Mn(D) for any positive integer p. A well-known example of
a generalized group monomial is w(x) = axa−1x−1 ∈ DF [x, x
−1], where a ∈ D\F
[17]. Herstein [17, Conjecture 2] conjectured that w is not a GPCGI of D∗. In
this paper, we will consider GPCGIs of almost subnormal subgroups of GLn(D).
Almost subnormal subgroups of skew linear groups were first studied by B. Hartley
in [15] and recently have received attentions (see also [9, 10, 14, 21]). In this paper,
we mainly consider the following conjecture.
Conjecture 1.2. Let D be a division ring with center F , GLn(D) the general
linear group of degree n over D such that if n ≥ 2 then D is assumed not to be a
locally finite field, and
w(x1, x2, . . . , xm) = a1x
α1
i1
a2x
α2
i2
· · ·atx
αt
it
at+1
a generalized group monomial over GLn(D). If N is an almost subnormal subgroup
of GLn(D) and w is a non-trivial GPCGI of N , then N is central.
Recall that a field F is locally finite if every finite subset of F generates over its
prime subfield P a finite subfield. Clearly, F is locally finite if and only if P is finite
and F is algebraic over P . Some authors also call a locally finite field an absolute
field (e.g. see [12]). Fields of zero characteristic are trivial examples of fields that
are not locally finite. Non-trivial examples of such a kind are uncountable fields
[23, Corollary B-2.41, p. 343].
Note that in the case n ≥ 2, the assumption for D in Conjecture 1.2 is really
necessary because in this case, the group GLn(F ) always satisfies a non-trivial
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GPCGI. To see this, we assume that n ≥ 2 and D = F is a locally finite field.
Then, for every element a ∈ GLn(F ), the subfield Pa of F generated by all entries
of a over the prime subfield P of F is finite. Moreover, a ∈ GLn(Pa) which implies
am = 1, where m = |GLn(Pa)|. Hence, GLn(F ) satisfies the GPCGI w(x) = x.
In 1978, Herstein [17, Conjecture 2] conjectured that if every multiplicative com-
mutator in a division ring D is radical over the center F of D, then D is a field
(recall that an element x ∈ D is radical over F if there exists a positive integer
n(x) depending on x such that xn(x) ∈ F , and a subset S of D is radical over F
if every its element is radical over F ). Clearly, this conjecture may be considered
as a particular case of Conjecture 1.2. In fact, it is the case if n = 1, N = D∗
and w(x, y) = xyx−1y−1. We should note that even this case is not solved in gen-
eral. Some special cases of Conjecture 1.2 were mentioned in several papers such
as [2, 3, 4, 5, 11, 20].
In the case when n ≥ 2 and F is infinite, by [21, Theorem 3.3], we can assume
that N is normal in GLn(D) . The answer to Conjecture 1.2 is affirmative if n = 1,
N is subnormal in D∗ and either D is centrally finite or F is uncountable [2]. The
aim of this note is to support some positive cases of this conjecture.
In the last section, we consider a special case when all coefficients of the general-
ized power central group identity are 1. Actually, in this case, we focus on a general
topic: the existence of non-cyclic free subgroups in almost subnormal subgroups of
division rings with uncountable center.
Finally, we briefly observe the relations of some classes of division rings we
consider in this paper. By definition, a centrally finite division ring is locally finite,
a locally finite division ring is both weakly locally finite and algebraic over its center.
It is well-known in the literature that there exists a various number of locally finite
division rings that are not centrally finite. In [8], Deo et al. have constructed
infinitely many weakly locally finite division rings that are not algebraic over their
centers. So, in particular, the class of weakly locally finite division rings strictly
contains the class of locally finite division rings. In 1941, Kurosh [18, Problem
K] asked whether an algebraic division ring is locally finite? Up to present, this
question remains without the definite answer and it is now often referred to as
the Kurosh Problem for division rings. The following chart reflects the relations
between these classes of division rings.
Centrally finite ✲
(1)
Locally finite
✏
✏
✏
✏
✏✏✶
P
P
P
P
PPq
(2)
(3)
Algebraic
Weakly locally finite
In this chart, the arrows mean the inclusions. Note that arrows (1) and (3)
are not reversible by corresponding counter-examples, while the question whether
arrow (2) is reversible is exactly the Kurosh Problem for division rings.
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2. Almost subnormal subgroups of the general linear group over a
weakly locally finite division ring
In this section, we give the affirmative answer to Conjecture 1.2 for weakly locally
finite division rings. Recall that a division ring D is weakly locally finite if every
its finite subset generates a centrally finite division subring. Note that the class of
weakly locally finite division rings strictly contains the class of locally finite division
rings (see [8]). We need two auxiliary lemmas whose proofs are similar to the proofs
of [2, Lemma 2.1] and [2, Proposition 2.3], so they can be omitted.
Lemma 2.1. Let D be a division ring with center F , w(x1, x2, . . . , xm) a general-
ized group monomial over GLn(D). Assume that H is a subgroup of GLn(D) such
that w is a GPCGI of H. Then, w is non-trivial if and only if wp 6∈ Mn(D) for
any positive integer p, that is, wp is a generalized group monomial for any positive
integer p.
Lemma 2.2. Let D be a division ring, and H a subgroup of GLn(D). If H satisfies
a non-trivial GPCGI, then H satisfies a GPCGI of the form
a1x
n1
i1
a2x
n2
i2
. . . atx
nt
it
at+1,
where i1 6= it.
Let D be a division ring with center F and N an almost subnormal subgroup of
GLn(D) with almost normal series
N = Nr ≤ Nr−1 ≤ · · · ≤ N1 = GLn(D).
For any a ∈ N , we construct a sequence of elements ci(a, x) in Mn(D)F [x, x
−1] by
induction on i as the following.
Set c1(a, x) = axa
−1x−1. Further, for any i, 1 < i ≤ r, set
ci(a, x) = ci−1(a, x)aci−1(a, x)
−1a
if Ni is normal in Ni−1 and
ci(a, x) = ci−1(a, x)
ℓi
if Ni has finite index in Ni−1 with ℓi = [Ni−1 : Ni]!.
Lemma 2.3. Let N1, N2, . . . , Nr and c1(a, x), c2(a, x), . . . , cr(a, x) be as above.
Then
(1) The monomial ci(a, x) is represented in the form
ci(a, x) = a
n1xm1an2xm2 · · ·antxmt , (∗)
where nj ,mj ∈ {1,−1} and n1 = 1;
(2) if a ∈ GLn(D)\F , then ci(a, x) and ui(a, x) = a
−1ci(a, x) are generalized
group monomials over GLn(D) for every i ≥ 1;
(3) we have ci(a, b), ui(a, b) ∈ Ni for every b ∈ GLn(D).
Proof. We prove (1) by induction on i. By definition, c1(a, x) = axa
−1x−1 has the
form (∗). Assume that i > 1 and ci−1 has the form (∗), that is,
ci−1(a, x) = a
n1xm1an2xm2 · · · antxmt ,
where nj ,mj ∈ {1,−1} and n1 = 1. We will show that ci(a, x) has the form (∗)
too. Indeed, there are two cases to examine.
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(i) If Ni is normal in Ni−1, then
ci(a, x) = ci−1(a, x)aci−1(a, x)
−1a
= (axm1an2xm2 · · · antxmt)a(x−mta−ntx−mt−1a−nt−1 · · ·x−m1a−1)a
= axm1an2xm2 · · · antxmtax−mta−ntx−mt−1a−nt−1 · · ·x−m1 .
(ii) If Ni has finite index in Ni−1 with ℓi = [Ni−1 : Ni]!, then
ci(a, x) = ci−1(a, x)
ℓi
= (axm1an2xm2 · · · antxmt)ℓi
= axm1an2xm2 · · · antxmt · · · axm1an2xm2 · · · antxmt .
We see that in both cases ci(a, x) has the form (∗), so the proof of (1) is complete.
The proofs of (2) and (3) follow directly from (1). 
Using these three lemmas, we can prove the following very useful result.
Lemma 2.4. Let D be a division ring with infinite center F and N a non-central
almost subnormal subgroup of GLn(D). If N satisfies some non-trivial GPCGI,
then so does GLn(D).
Proof. Let
w(x1, x2, . . . , xm) = a1x
α1
i1
a2x
α2
i2
· · ·atx
αt
it
at+1
be a non-trivial GPCGI of N . By Lemma 2.2, we can assume i1 6= it. Replacing
xi by xixm+i, where xm+i is an indeterminate, we have
w(x1, x2, . . . , xm, xm+1, . . . , x2m) = b1x
β1
j1
b2x
β2
j2
· · · bsx
βs
js
bs+1,
where βj ∈ {1,−1}. Let a ∈ N\F, y1, y2, . . . , ym bem indeterminates, and ur(a, y) =
a−1cr(a, y) as in Lemma 2.3. Then, by Lemma 2.3, ur(a, b) ∈ N for every b ∈
GLn(D), so if
w′(y1, y2, . . . , ym) = w(ur(a, y1), ur(a, y2), . . . , ur(a, ym)),
then w′ is a GPCGI of GLn(D). Moreover, since ur(a, yi) is a generalized group
monomial over GLn(D), and both the beginning and end of ur(a, x) are yi, one
has w′ 6∈ GLn(D). Observe that i1 6= it, so w
′p 6∈ GLn(D) for any integer p ≥ 1.
Therefore, w′ is a non-trivial GPCGI of GLn(D) by Lemma 2.1. The proof of the
lemma is now complete. 
In the remaining part of this section, we assume that D is a weakly locally finite
division ring.
Lemma 2.5. Let D be a weakly locally finite division ring with center F and let P
be the prime subfield of F . If S is a finite subset of D, then there exists a centrally
finite division subring D1 of D containing S such that the center F1 = Z(D1) is
finitely generated over P . Additionally, if D is not a locally finite field, then so is
F1.
Proof. Let S be a finite subset of D. Since D is weakly locally finite, the division
subring D1 = P (S) of D is centrally finite. By [2, Lemma 2.6], F1 = Z(D1) is
finitely generated over P .
Assume that D is not a locally finite field. If D is non-commutative, then we
choose two elements a, b ∈ D such that ab 6= ba. Replace D1 = P (S) by D1 =
P (S ∪ {a, b}) in the previous part, we see that D1 is a non-commutative centrally
finite division subring. By Jacobson’s theorem (e.g. see [19, Theorem 13.11]), the
center F1 of D1 is not locally finite. Now, assume that D is commutative. If P = Q,
then D1 is not locally finite. If P is finite, then choose an element u ∈ D which
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is not algebraic over P , we have D1 = P (S ∪ {u}) is a subfield of D which is not
locally finite. 
Theorem 2.6. Let D be a weakly locally finite division ring with infinite center F
and assume that N is an almost subnormal subgroup of GLn(D). If n ≥ 2, then we
assume in addition that D is not a locally finite field. If N satisfies a non-trivial
GPCGI, then N is central.
Proof. Assume thatN is non-central. By Lemma 2.4, GLn(D) satisfies a non-trivial
GPCGI, say
w(x1, x2, . . . , xm) = a1x
n1
i1
a2x
n2
i2
· · · atx
nt
it
at+1.
Suppose n = 1. By [8, Theorem 1], D is locally PI, so by applying [2, Theorem 2.9],
one has D∗ is a field, and we are done. Now, assume n > 1. Let S be the set
of all entries of all ai and D1 be the division subring defined as in Lemma 2.5
with respect to S. Then, by Lemma 2.5, D1 is a centrally finite division ring
whose center F1 is not a locally finite field. Clearly, w(x1, . . . , xm) is a generalized
group monomial over GLn(D1). Now, for any elements c1, c2, . . . , cm ∈ GLn(D1),
there exists a positive integer p such that w(c1, c2, . . . , cm)
p ∈ F ∩ GLn(D1) ⊆ F1.
Hence, in view of [16, Lemma 3.1], there exists a positive integer M such that
w(c1, c2, . . . , cm)
M ∈ F1 for all ci ∈ GLn(D1). Therefore, if we put
u(x1, x2, . . . , xm) = w(x1, x2, . . . , xm)
Myw(x1, x2, . . . , xm)
−My−1
where y is an indeterminate, then u = 1 is a GGI of GLn(D1). Since F1 is not
locally finite, F1 is infinite. In view of [13, theorems 1, 2], we have n = 1 and D1 is
commutative, which is a contradiction. Thus, N is central. 
3. Invertible elements in Laurent polynomial series algebras
Let A be a k-algebra, where k is a field. Recall that an element a ∈ A is algebraic
over k if there exists a non-zero polynomial
f(x) = xn + an−1x
n−1 + · · ·+ a0
in k[x] such that f(a) = 0. The k-algebra A is algebraic over k if every element of
A is algebraic over k.
(i) Let R be a k-algebra and assume that t is an indeterminate which commutes
with every element of R. We denote by R((t)) the set of all Laurent series
∞∑
i=n
ait
i,
where n ∈ Z, ai ∈ R. Then, R((t)) is an algebra whose addition and multiplication
are defined as follows: for any two elements α =
∞∑
i=n
ait
i, β =
∞∑
i=m
bit
i ∈ R((t)),
clearly, we can assume that m = n. Then
α+ β =
∞∑
i=n
(ai + bi)t
i
and
αβ =
∞∑
i=2n
cit
i,
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where ci =
∑
i=u+v
aubv. Note that if a0 is invertible in R, then so is α =
∞∑
i=0
ait
i in
R((t)) [19, Example 1.7]. Moreover, for every a ∈ R, the element 1+at is invertible
in R((t)) and (1 + at)−1 =
∞∑
i=0
(−1)iaiti.
(ii) We may write (1 + at)−1 in another form if a is algebraic over k. Indeed,
assume that fa(x) = x
n + cn−1x
n−1 + · · ·+ c0 is a non-zero polynomial such that
fa(a) = 0. Put at = 1 + at. Then,
0 =
(at − 1
t
)n
+ cn−1
(at − 1
t
)n−1
+ · · ·+ c0.
After expanding and multiplying two sides by tn, one has
ant + gn−1(t)a
n−1
t + · · ·+ g0(t) = 0,
where all gi(t) are suitable polynomials in the polynomial ring k[t]. In particular,
g0(t) = (−1)
n + (−1)n−1cn−1t + · · · + (−1)
0c0t
n = tnfa(−t
−1) is non-zero in k[t],
and consequently,
a−1t = (−a
n−1
t − gn−1(t)a
n−2
t − · · · − g1(t))g0(t)
−1.
Since g0(t) is in k[t] ⊆ k((t)), we can write
(1 + at)−1 =
−(1 + at)n−1 − gn−1(t)(1 + at)
n−2 − · · · − g1(t)
g0(t)
.
If a ∈ R is an algebraic element over k, then this form of (1 + at)−1 is used
parallel with the form presented in (i).
(iii) The representation of invertible elements in (ii) has the following application:
Let a ∈ R be an algebraic element over k and β ∈ k. Assume that g0 is defined as
in (ii). Hence,
g0(t) = (1 + at)(−(1 + at)
n−1 − gn−1(t)(1 + at)
n−2 − · · · − g1(t)),
which implies
g0(β) = (1 + aβ)(−(1 + aβ)
n−1 − gn−1(β)(1 + aβ)
n−2 − · · · − g1(β)).
As a corollary, if g0(β) 6= 0, then 1 + aβ is invertible in R. Consequently, there are
only finitely many β ∈ k such that 1 + aβ is non-invertible in R.
4. Almost subnormal subgroups of the general linear group over a
division ring with uncountable center
In this section, we study Conjecture 1.2 for division rings whose centers are
uncountable. The following result extends [2, Theorem 2.11].
Proposition 4.1. Let D be a non-commutative division ring with uncountable
center F and assume that N is an almost subnormal subgroup of D∗. If N satisfies
a non-trivial GPCGI, then N is contained in F .
Proof. Assume thatN is not contained in F . By Lemma 2.4, D∗ also satisfies a non-
trivial GPCGI. In view of [5, Corollary 3], D is centrally finite. By Theorem 2.6,
D∗ is abelian, a contradiction. 
The following proposition may be considered as a generalization of [5, Corol-
lary 2] and [2, Corollary 2.12].
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Proposition 4.2. Let D be a division ring with uncountable center F and a ∈ D∗.
Assume that N is a non-central almost subnormal subgroup of D∗. If for every
x ∈ N , there exists an integer n(x) depending on x such that
(
axa−1x−1
)n(x)
∈ F ,
then a ∈ F .
Proof. If a is not in F , then w (x) = axa−1x−1 is a non-trivial GPCGI of N . By
Proposition 4.1, we conclude that N is central, a contradiction. 
In the remaining part of this section, we study the general linear group of degree
n ≥ 2 over a division ring which is algebraic over its uncountable center.
Lemma 4.3. Let R be an algebra over a field k and let f(t) ∈ R[t]. If f(t) has
infinitely many roots in k, then f(t) ≡ 0.
Proof. The proof is the standard Vandermonde argument (or see [24, propositions
2.3.26 and 2.3.27]). 
Lemma 4.4. Let k be a field, R a ring whose center is k, and f(t) ∈ R[t]. If
f(α) ∈ k for infinitely many elements α ∈ k, then f(t) ∈ k[t].
Proof. For each g(t) ∈ R[t], set h(t) = f(t)g(t) − g(t)f(t). By hypothesis, it is
clear that h(α) = 0 for infinitely many α ∈ k. So, in view of the previous lemma,
h(t) ≡ 0 which implies f(t) ∈ k[t]. 
Now, assume that D is a division ring with infinite center F , A = Mn(D) is the
ring of matrices over D of degree n ≥ 1, R = A[y1, y2, . . . , ym] is the polynomial
ring on non-commuting indeterminates y1, . . . , ym. It is easy to see that A is com-
mutative if and only if D = F and n = 1. In the following, we consider only the
case when A is non-commutative because otherwise our results should be trivial.
Lemma 4.5. Let w(x1, x2, . . . , xm) = a1x
n1
i1
a2 · · ·atx
nt
it
at+1 be a generalized group
monomial over A∗ = GLn(D). Then, the element
w(1 + y1t, 1 + y2t, . . . , 1 + ymt)
may be written in R((t)) in the following form
w(1 + y1t, 1 + y2t, . . . , 1 + ymt) =
∞∑
i=0
fi(y1, y2, . . . , ym)t
i,
where fi(y1, y2, . . . , ym) is a generalized polynomial over R and homogeneous of
degree i. Moreover, f0(y1, y2, . . . , ym) = w(1, 1, . . . , 1) and if w 6∈ A
∗, then there
exists i0 ≥ 1 such that fi0 6≡ 0.
Proof. Since (1 + yit)
−1 =
∞∑
j=0
(−1)jyji t
j , the fact that
w(1 + y1t, 1 + y2t, . . . , 1 + ymt) =
∞∑
i=0
fi(y1, y2, . . . , ym)t
i,
where fi(y1, y2, . . . , ym) is a generalized polynomial over R and homogeneous of
degree i, is clear. It is easy to see that f0(y1, y2, . . . , ym) = w(1, 1, . . . , 1). Now,
assume that w 6∈ A∗ and all fi ≡ 0 for i ≥ 1. Then,
w(1 + y1t, 1 + y2t, . . . , 1 + ymt) = w(1, 1, . . . , 1).
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Observe that a = w(1, 1, . . . , 1) = a1a2 · · · at+1 ∈ A
∗, so
a−1w(1 + y1t, 1 + y2t, . . . , 1 + ymt) ≡ 1.
For c1, c2, . . . , cm ∈ A
∗, one has
1 = a−1w(1 + (c1 − 1)1, 1 + (c2 − 1)1, . . . , 1 + (cm − 1)1).
Hence, a−1w = 1 is a GGI of A∗ because w 6∈ A∗. By [13, theorems 1, 2], A is
commutative, a contradiction. 
We are now ready to prove the main result of this section.
Theorem 4.6. Let D be a division ring that is algebraic over its uncountable center
F and assume that N is an almost subnormal subgroup of GLn(D). If N satisfies
a non-trivial GPCGI, then N is central.
Proof. Put A = Mn(D). For n = 1, see Proposition 4.1. Now, assume that
n ≥ 2 and N is non-central. By [21, Theorem 3.3], N is normal in A∗ = GLn(D).
We claim that D is centrally finite. Indeed, if D is commutative, then there is
nothing to do. Thus, suppose that D is non-commutative. Since D is algebraic
over uncountable center F , by [1, Theorem 2.10], A is algebraic over F . Now,
let w(x1, x2, . . . , xm) = a1x
n1
i1
a2 · · · atx
nt
it
at+1 be a non-trivial GPCGI of A
∗. Then,
there exists a positive integer q such that w(1, . . . , 1)
q
∈ F . Replacing w by wq if it
is necessary, without loss of generality, we can assume that w(1, 1, . . . , 1) = a ∈ F .
Let Y = {y1, y2, . . . , ym} be m indeterminates and R = A[Y, Y
−1] be the group
ring over A of the free group generated by Y . By using the representation in
Section 3 (i), the element w(1+y1t, 1+y2t, . . . , 1+ymt) in R((t)), after expanding,
has the form
w(1 + y1t, 1 + y2t, . . . , 1 + ymt) =
∞∑
i=0
fi(y1, y2, . . . , ym)t
i,
where fi(y1, y2, . . . , ym) ∈ R and fi is homogeneous of degree i. By Lemma 4.5,
f0(y1, y2, . . . , ym) = a and there exists i0 ≥ 1 such that fi0 6≡ 0. Write w in the
following form
w(1 + y1t, . . . , 1 + ymt) = a+ fi0(y1, . . . , ym)t
i0 + fi0+1(y1, . . . , ym)t
i0+1 + · · · .
We show that fi0(y1, y2, . . . , ym)
αy−yfi0(y1, y2, . . . , ym)
α = 0 is a generalized poly-
nomial identity of A, where y is an indeterminate and α is a positive integer. To
do this, for any elements c1, c2, . . . , cm ∈ A, it suffices to prove that there exists a
positive integer α such that fi0(c1, c2, . . . , cm)
α ∈ F . Indeed, we have
w(1 + c1t, . . . , 1 + cmt) = a+ fi0(c1, . . . , cm)t
i0 + fi0+1(c1, . . . , cm)t
i0+1 + · · · .
In view of Section 3 (iii), 1+ciλ is not invertible in A only for finitely many λ ∈ F .
Hence, there are uncountably many λ ∈ F such that 1 + ciλ are invertible in A.
Consequently, there exists a positive integer M such that
w(1 + c1λ, 1 + c2λ, . . . , 1 + cmλ)
M ∈ F
for uncountably many λ ∈ F . There are two cases to consider.
Case 1. char(F ) = 0:
We have
u(t) = w(1 + c1t, . . . , 1 + cmt)
M = aM +MaM−1fi0(c1, . . . , cm)t
i0 + · · · .
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Case 2. char(F ) = p > 0:
Suppose that M = pλN , where a ∈ N and (N, p) = 1. Observe that
(a+ fi0(c1, c2, . . . , cm)i0 + · · · )
pλ = ap
λ
+ fi0(c1, c2, . . . , cm)
pλ ti0p
λ
+ · · · ,
so
u(t) = w(1 + c1t, . . . , 1 + cmt)
M = aM +Nap
λ
aN−1fi0(c1, . . . , cm)
pλti0p
λ
+ · · · .
Hence, in both cases, the coefficients of the first two terms of
u(t) = w(1 + c1t, 1 + c2t, . . . , 1 + cmt)
M
are aM and bfi0(c1, . . . , cm)
α for some b ∈ F and α ∈ N. On the other hand,
since c1, . . . , cm are algebraic over F , according to Section 3 (ii), we may assume
that u(t) = h1(t)
h2(t)
, where h1(t) ∈ A[t] and h2(t) ∈ F [t]. Therefore,
h1(λ)
h2(λ)
∈ F
for infinitely many λ ∈ F . Since h2(λ) belongs to F , so does h1(λ). In view
of Lemma 4.4, h1(t) ∈ F [t], which implies that u(t) =
h1(t)
h2(t)
∈ F (t) ⊆ F ((t)).
Hence, fi0 (c1, c2, . . . , cm)
α
∈ F . Thus, we have shown that A satisfies a generalized
polynomial identity
fi0(y1, y2, . . . , ym)
αy − yfi0(y1, y2, . . . , ym)
α = 0.
By Amitsur’s Theorem (see [7, Theorem 9.A, p. 282]), D is centrally finite . The
claim is proved.
Now, since F is uncountable, F is not algebraic over its prime subfield [23, Corol-
lary B-2.41, p. 343]. Hence, by applying Theorem 2.6, N is central, a contradiction.
The proof is now complete. 
5. Free subgroups in almost subnormal subgroups in a division ring
with uncountable center
In this section, we focus on the problem of the existence of non-cyclic free sub-
groups in almost subnormal subgroups of division rings with uncountable centers.
The first result on the existence of non-cyclic free subgroups in division rings with
uncountable centers was obtained in [22], where it was proved that if D is a division
ring with uncountable center containing a non-central algebraic over the center el-
ement a, then D∗ contains a non-cyclic free subgroup. Later, Chiba [6] proved the
same result but without the assumption of the existence of such an algebraic ele-
ment. It seems to be impossible to use the techniques in [6] to extend this result to
all non-central almost subnormal subgroups of D∗ (see [12]). Probably, Gonc¸alves
and Shirvani were the first people who considered the existence of non-cyclic free
subgroups in normal subgroups of GLn(D), where D is a division ring with un-
countable center [12]. Recall that if n ≥ 2, then a non-central almost subnormal
subgroup of GLn(D) is normal [21, Theorem 3.3], and the problem on the existence
of non-cyclic free subgroups in normal subgroups of GLn(D) for n ≥ 2 was solved
in the affirmative in [12], so in this section, we consider only the case n = 1. In fact,
we will show that in a division ring D with uncountable center F , if a non-central
almost subnormal subgroup of D∗ contains a non-central algebraic element over F ,
then it contains a non-cyclic free subgroup.
To prove the next theorem, we borrow the following results.
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Lemma 5.1. [4, Proposition 2.2] Let D be a division ring with center F . If a ∈
D\F such that an = 1, then there exists a centrally finite division ring K such that
a is non-central in K.
Lemma 5.2. [12, Corollary 1.4] Let D be a division ring with uncountable center
F and assume that u ∈ D∗ is an algebraic element over F . If u /∈ F , then there
exists v ∈ D∗ of infinite order such that the subgroup 〈u, v〉 of D∗ is isomorphic to
the free product 〈u〉 ∗ 〈v〉.
Theorem 5.3. Let D be a division ring with uncountable center F and assume that
G is a non-central almost subnormal subgroup of D∗. If G\F contains an algebraic
element over F , then G contains a non-cyclic free subgroup.
Proof. Assume that u ∈ G\F and u is algebraic over F . We consider two cases:
Case 1. The order of u is finite:
Then, by Lemma 5.1, there exists a centrally finite division ring K of D such that
u is a non-central element in K. Put H = G ∩K∗. Then, H is almost subnormal
in K∗ ([21, Lemma 1.1]) and H is non-central since u ∈ H . Hence, H contains a
non-cyclic free subgroup by [21, Theorem 4.2], so does G.
Case 2. The order of u is infinite:
By Lemma 5.2, there exists an element v ∈ D∗ of infinite order such that the
subgroup 〈u, v〉 of D∗ is isomorphic to the free product 〈u〉 ∗ 〈v〉. Being the free
product of two infinite cyclic groups, the group 〈u〉 ∗ 〈v〉 is free, so is 〈u, v〉. Let
G = Gr ≤ Gr−1 ≤ · · · ≤ G1 = D
∗
be an almost normal series in D∗. In view of Lemma 2.3, the elements x = cr(u, v)
and y = cr(u, v
2) both belong to the group G. Now, let us recall that
x = cr(u, v) = uv
m1un2vm2 · · ·untvmt , where nj ,mj ∈ {1,−1},
and
y = cr(u, v
2) = uvm
′
1un
′
2vm
′
2 · · ·un
′
tvm
′
t , where n′i ∈ {1,−1},m
′
i = 2mi,
so xy 6= yx. Being a non-abelian subgroup of the free group 〈u, v〉, in view of the
Nielsen-Schreier Theorem (see [25, p. 103]), the subgroup 〈x, y〉 is also a non-abelian
free group.
We see that in both cases, the group G contains a non-cyclic free subgroup.
Hence, the proof of the theorem is now complete. 
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